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Plasmode Simulation Introduction

Assume a sample of n i.i.d. observations (Wi ,Ai ,Yi ) ∼ P0.

Let the statistical estimand be the ATE:
Ψ(P) = EP{EP(Y | A = 1,W )− EP(Y | A = 0,W )}.
We have a given estimator Ψ̂(Pn) such as an IPTW estimator

Ψ̂IPTW (Pn) =
1

n

n∑
i=1

Yi (2Ai − 1)

gn(Ai | Wi )

for an estimator gn = ĝ(Pn) of the true treatment mechanism
g0(a | W ) = P0(A = a|W ).

Plasmode Simulation: We wish to evaluate the statistical
performance of such an estimator based on sampling from a data
distribution that resembles P0 in the sense that the observed behavior
will be highly reflective of the behavior of estimator under sampling
from P0.

For notational convenience, let’s focus on estimation of
EY1 = EPEP(Y | A = 1,W ).
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Plasmode simulation sampling frameworks

Table: Data generating mechanisms for plasmode simulation approaches.

Sample Treatment Generate Treatment
Covariates Sample W with replacement Sample W with replacement
Treatment Sample A = a along with W Generate A# ∼ fA(W ,UA)
Outcome Generate Y# ∼ fY (A,W ,UY ) Generate Y# ∼ fY (A

#,W ,UY )
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Fundamental problem

The positivity assumption required for identifying a causal estimand,
P(A = a|W ) > 0 for all a and observed W in the data, is violated under
the Sample Treatment framework.

Under this plasmode approach, every time Wi is sampled, the
associated value for Ai is fixed at some ai , its value in the original
data for subject i ; thus, the probability that A = ai for Wi is 1.

Estimators relying on outcome regression for consistency (e.g.,
parametric G-computation, glm) are fully reliant on extrapolation for
the treatment/covariate combinations missed by the Sample
Treatment algorithm.

Estimators relying on propensity score estimation (e.g. IPTW) will
end up having non-negligible bias in the plasmode samples, even
when the propensity score model is correctly specified.

The Generate Treatment approach avoids this problem.
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Bootstrap Approach 1: Sample Treatment from
empirical

Let Pn be the probability distribution under which (W ,A) ∼ Pn are
sampled from empirical distribution, and Y , given W ,A, are sampled
from some estimate qY ,n(Y | W ,A) of the true conditional
distribution qY ,0.

One can evaluate the bias and variance and coverage of the estimation
procedure based on repeated sampling of n i.i.d. observations from
Pn, all w.r.t. truth Ψ(Pn) = PnEqY ,n

(Y | A = 1,W ).

if qY ,n is a good estimator of qY ,0 this could also be viewed as a
model based bootstrap to construct confidence intervals in the
actual data analysis.

If we are in an outcome blind situation, qY ,n might be fitted on an
external similar (qualitatively) data source or just set by the user.

One might use such an outcome blind simulation to compare
candidate estimators and pre-specify an estimation procedure for
regulatory submission.
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Bootstrap Approach 2: Generate Treatment from gn

Let P̃n be the probability distribution under which W ∼ Pn, A, given
W , has distribution gn, and Y , given W ,A is sampled from some
estimate qY ,n(Y | W ,A) of the true conditional distribution qY ,0.

As above, this could be used as a model based bootstrap for inference
or as an outcome blind simulation study for comparing estimators or
deciding on a pre-specified estimator.
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Both model-based bootstrap methods are valid for
inference if centered at estimator applied to true
data distribution

Let P#
n be the empirical measure of a bootstrap sample from either

”sample treatment distribution” Pn or ”generate treatment
distribution” P̃n.
For the sample-treatment bootstrap methods we have that

n1/2(Ψ̂(P#
n )− Ψ̂(Pn)) ⇒d N(0, σ2)

with the same normal limit distribution as Ψ̂(Pn), assuming the
asymptotic normality

n1/2(Ψ̂(Pn)−Ψ(P0)) ⇒d N(0, σ2).

The analogue applies to the generate-treatment bootstrap:

n1/2(Ψ̂(P#
n )− Ψ̂(P̃n)) ⇒d N(0, σ2).

Therefore, one can construct valid confidence intervals based on the
lower and upper quantiles of these bootstrap distributions.
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The ”sample treatment” Pn-bootstrap fails for
simulations when centering estimator at ”truth”
Ψ(Pn)

Consider IPTW estimator. We have

Ψ̂IPTW (P#
n )−Ψ(Pn) = Ψ̂IPTW (P#

n )− Ψ̂IPTW (Pn)

+Ψ̂IPTW (Pn)−Ψ(Pn)

∼ N(0, σ2) + Ψ̂IPTW (Pn)−Ψ(Pn).

Note that, contrary to Ψ̂IPTW (P̃n)−Ψ(P̃n) = 0, we dont have that
Ψ̂IPTW (Pn)−Ψ(Pn) equals zero.

Specifically, the bias term is given by:

bn = Ψ̂IPTW (Pn)−Ψ(Pn)
= PnA/gn(1 | W )EqY ,n

(Y | A = 1,W )− PnEqY ,n
(Y | A = 1,W )

= PnEqY ,n
(Y | A = 1,W )/gn(1 | W )(A− gn(1 | W )).
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Continuation ..

This bias term can be analyzed and is asymptotically linear with a
specified influence curve given by
EqY ,n

(Y | A = 1,W )/g0(1 | W )(A− g0(1 | W )) minus the influence
curve of
Φ(gn)−Φ(g0) = P0EqY ,0

(Y | A = 1,W )/g0(1 | W )(gn− g0)(1 | W )).

Conditional on Pn, this represents a fixed bias of order 1/n1/2.

Therefore, conditional on Pn, n
1/2(Ψ̂(P#

n )−Ψ(Pn)) behaves as a
normal N(bn, σ

2) with a bias term bn that does not go to zero.
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ATE estimators of interest

- Propensity score matching (Match). Uses the generalized full optimal
matching algorithm with replacement (Hansen, 2004; Savje et al., 2021) to
generate weights. The outcome model for E (Y |A) is estimated using a
weighted, unadjusted linear regression

- Inverse probability of treatment weighting (IPTW). Weights stabilized
by marginal treatment probability and bounded by

√
n ln(n)/5 (Gruber et al

2022). The outcome model E (Y |A) is estimated using a weighted,
unadjusted linear regression

- Doubly robust targeted maximum likelihood estimation (TMLE). The
TMLE (van der laan and Rubin 2006) is fit using the correctly specified
working models for the treatment propensity and outcome, bounding the
treatment assignment probabilities by 5/(

√
n ln(n)).

- Generalized linear model, correctly specified (glmCM). Outcome model
E (Y |A,W ) is fit using correctly specified regression model.

- Generalized linear model, adjusted for propensity score (glmPS).
Outcome model is fit regressing Y on A and the PS fit using a correctly
specified model E (A|W ).
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Synthetic data simulations

General set-up

Varied cohort size: n = 100, 1000, 10000

Simple logistic binary treatment model, roughly 45% probability

Also considered a 1-1 randomized treatment for a few scenarios

Simple generalized linear outcome models: continuous and binary

For binary outcome considered common (30%) and rare (5%) outcomes

Compared performance of estimation methods for ATE

For binary outcome, also considered the relative risk (RR) and the
conditional log OR (clogOR) from a marginal structural model

100,000 Monte Carlo simulation iterations

Consider the mean bias, empirical SE, RMSE, and bias:SE ratio
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Simulation: Estimate ATE for continuous outcome

ψATE
0 = 2

Sample Treatment Generate Treatment
% Bias SE RMSE Bias:SE % Bias SE RMSE Bias:SE

n = 100
Unadj 159.29 1.337 3.455 2.382 159.60 1.344 3.463 2.376
Match −10.78 0.818 0.846 0.264 3.80 0.843 0.846 0.090
IPTW −19.65 0.612 0.727 0.642 2.08 0.478 0.479 0.087
TMLE −0.15 0.236 0.236 0.013 −0.15 0.234 0.234 0.013
glmCM −0.01 0.224 0.224 0.001 0.01 0.223 0.223 0.001
glmPS −2.41 0.248 0.252 0.195 0.10 0.236 0.236 0.009

n = 1000
Unadj 19.53 0.470 0.611 0.831 19.33 0.469 0.608 0.824
Match −18.01 0.548 0.655 0.658 0.85 0.419 0.419 0.041
IPTW −7.28 0.235 0.276 0.620 0.18 0.221 0.221 0.016
TMLE −0.13 0.076 0.076 0.034 −0.06 0.076 0.076 0.016
glmCM 0.00 0.071 0.071 0.001 −0.01 0.071 0.071 0.002
glmPS −0.08 0.072 0.072 0.021 0.00 0.071 0.071 0.001

n = 10000
Unadj 43.62 0.141 0.884 6.168 43.57 0.142 0.883 6.138
Match 3.43 0.154 0.169 0.445 0.00 0.117 0.117 0.001
IPTW 0.09 0.056 0.056 0.033 0.01 0.058 0.058 0.003
TMLE 0.00 0.023 0.023 0.003 0.00 0.024 0.024 0.004
glmCM 0.00 0.022 0.022 0.002 0.00 0.022 0.022 0.001
glmPS −0.01 0.022 0.022 0.009 0.00 0.022 0.022 0.001
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Problematic coverage: Continuous outcome
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Problematic coverage: Continuous outcome,
Randomized treatment

n = 1, 000, 1:1 randomization
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Simulation: Estimate ATE for binary outcome

ψATE
0 = 0.2199, 0.2171, 0.2182, when n = 100, 1000, 10,000, respectively

Sample Treatment Generate Treatment
% Bias SE RMSE Bias:SE % Bias SE RMSE Bias:SE

n = 100
Unadj 29.25 0.091 0.111 0.708 29.71 0.091 0.112 0.720
Match 1.15 0.129 0.129 0.020 1.11 0.119 0.119 0.020
IPTW −2.23 0.110 0.110 0.044 0.51 0.106 0.106 0.011
TMLE 0.11 0.106 0.106 0.002 0.16 0.106 0.106 0.003
glmCM 0.10 0.101 0.101 0.002 0.18 0.101 0.101 0.004
glmPS −0.34 0.101 0.101 0.007 −0.02 0.101 0.101 0.000

n = 1000
Unadj 32.81 0.028 0.077 2.538 33.05 0.028 0.077 2.556
Match 0.13 0.043 0.043 0.006 0.27 0.039 0.039 0.015
IPTW −0.66 0.034 0.034 0.042 0.07 0.034 0.034 0.005
TMLE −0.06 0.034 0.034 0.004 0.00 0.034 0.034 0.000
glmCM −0.05 0.032 0.032 0.004 0.00 0.032 0.032 0.000
glmPS −0.15 0.032 0.032 0.010 −0.05 0.032 0.032 0.003

n = 10000
Unadj 32.18 0.009 0.071 7.909 32.22 0.009 0.071 7.862
Match 0.29 0.013 0.013 0.048 0.03 0.012 0.012 0.006
IPTW 0.34 0.010 0.010 0.071 0.02 0.011 0.011 0.005
TMLE 0.02 0.010 0.010 0.003 0.02 0.011 0.011 0.004
glmCM 0.01 0.010 0.010 0.001 0.01 0.010 0.010 0.003
glmPS −0.03 0.010 0.010 0.006 0.00 0.010 0.010 0.001

SE: Standard Error; RMSE: root mean squared error
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Simulation: Estimate ATE for rare binary outcome

ψATE
0 = −0.0247, n = 10, 000, 5% outcome rate

Sample Treatment Generate Treatment
% Bias SE RMSE Bias:SE % Bias SE RMSE Bias:SE

Unadj 41.698 0.003 0.011 3.369 34.918 0.003 0.009 2.793
Match 8.493 0.004 0.004 0.555 −0.103 0.003 0.003 0.007
IPTW 9.362 0.003 0.004 0.747 −0.052 0.003 0.003 0.004
TMLE −0.001 0.003 0.003 0.000 −0.052 0.003 0.003 0.005
glmCM −0.044 0.002 0.002 0.004 −0.033 0.002 0.002 0.003
glmPS 9.939 0.003 0.004 0.813 1.343 0.003 0.003 0.108
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Problematic Coverage for ATE: Rare binary outcome
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Simulation: Estimate logcOR when MSM is not
equivalent to underlying outcome model

True outcome model (14% probability):
logit(P(Y = 1|A,W) = β0 + β1A+ β2W1 + β3W2 + β4W3 + β5W4 + β6W5

MSM model: incorrect logistic regression that omitted (W4,W5), logcOR = 1.084

Sample Treatment Generate Treatment
% Bias SE RMSE Bias:SE % Bias SE RMSE Bias:SE

n = 100 60.424 2.829 2.904 0.232 50.114 2.712 2.766 0.200
n = 1000 4.189 0.228 0.232 0.199 1.323 0.229 0.229 0.063
n = 10000 0.780 0.071 0.072 0.118 0.104 0.071 0.071 0.016
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Real data example

Kaiser Permanente Washington (KPWA) is an integrated health care
system in Pacific Northwest that provides care and health insurance
to over 700,000 members

112,770 KPWA adults aged 13+ years, initiating antidepressant
medication or psychotherapy from January 1, 2008 to December 31
2018 (n=112,770)

No antidepressant fills or psychotherapy in the prior year

Plasmode data set: 50,337 individuals with complete data on the
Patient Health Questionnaire (PHQ-9)

Outcome: Composite outcome of self-harm (fatal or non-fatal) or
psychiatric hospitalization within 5 years following treatment initiation
n=5193, (10.3%)
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Plasmode simulation

Confounders bootstrapped sampled from KPWA Cohort

N=10,000

Data generating Models for treatment and outcome

Binary treatment data generating model - logistic

Antidepressant medication or psychotherapy

Binary outcome data generating model - logistic

Self-harm/Psychiatric hospitalization within 5 years of treatment
initiation

Model parameters estimated from KPWA Cohort

Treatment and outcome model fit to 50,337 with complete data

For each type of generating model use KPWA cohort to estimate
logistic regression model with interactions

For simplicity, analysis model matched the data generating model
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KPWA-based logistic models: real data and data
generating models for 15% and 5% outcomes
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KPWA Simulation Results for the 5% outcome

ψATE
0 = −0.079, ψRR

0 = 0.062, n = 10, 000
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Correlation between treatment and covariates in
KPWA simulation
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Conclusions

One could carry out a model based bootstrap for inference with both
Sample Treatment (Pn) and Generate Treatment (P̃n) approaches.

However, evaluation of the sampling distribution of

n1/2(Ψ̂(P#
n )−Ψ(Pn)) is biased w.r.t. n1/2(Ψ̂(Pn)−Ψ(P0)) even if

qY ,n is consistent for qY ,0.

Bias is negligile for a pure outcome regression based estimator.
Bias is non-negligible (as large as n−1/2) for an IPTW or double robust
estimator that does not want to fully rely on correct estimation of the
outcome regression.

If one uses machine learning to estimate g0, then the Pn-bootstrap
could be inconsistent, while the P̃n-bootstrap will still be consistent.

The Generate Treatment and Sample Treatment algorithm can
similarly approximate the desired data features

We recommend the Generate Treatment P̃n-bootstrap for simulation
studies.
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